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Abstract
With the help of a measurable cardinal a complete Banach ball in the sense of Kleisli is constructed,
the κ-modification of which is not complete. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
By a (topological) Banach ball we understand a closed unit ball B of a complex Banach
space endowed with a separated locally convex topology which is coarser than its norm
topology and which satisfies the following condition: For each x ∈ B, ‖x‖ = sup{ψ(x): ψ
is a continuous semi-norm on B such that ψ 6 ‖ · ‖} (compare [13]).
A morphism is a continuous function that preserves the absolutely convex structure of
the unit balls. The category B of Banach balls and their morphisms can be viewed as
(that is, it is equivalent to) the full subcategory of complex Saks spaces in the sense of
Cooper [5] generated by those Saks spaces whose underlying normed space is complete.
The category of topological Banach balls can also be considered a full subcategory of the
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category of topological totally convex spaces and their morphisms (see [12]). Investigations
centered around the algebraic concept of a totally convex space were started by Pumplün
and Röhrl [16,17], who also suggested to study topologies on totally convex spaces [12]
in the same way as it has been done for Banach spaces, endowing them with a Saks space
structure.
Let us recall that for any Topological Totally Convex Space X, hence in particular
for any Banach ball, the κ-modification Xκ of X denotes that TTCS with underlying
TCS X whose topology is generated by the set of all k-continuous semi-norms [12,
p. 33]; i.e., those semi-norms 6 1 whose restriction to any compact subset in X is
continuous.
In this note we shall give a negative answer to Problem 5.6 of [12] under the assumption
that a measurable cardinal exists: We shall construct a complete Banach ball X such that
the uniformity of Xκ is not complete. (For Banach balls, uniform concepts refer to their
locally convex topological structure.)
The corresponding question originated during attempts of the authors of [12] to apply
methods from categorical functional analysis to the theory of group representations. In [2]
Barr had constructed a full subcategory R of B which can be endowed with a closed
symmetric monoidal structure and where every object is reflexive, that is, R is a ∗-
autonomous category [3]. It is known that the categoryR can be completed to a model of
full linear logic [13] and also yields an interesting group algebra for completely regular
(T0-)topological groups [18]. In the style of Dorofeev and Kleisli [6], the latter work
replaces integration techniques known from the area of locally compact topological groups
by functorial methods.
On the other hand the construction of the category R is characterized by complications
of topology and completeness that are difficult to handle. Trying to understand better the
topologies and completeness conditions inherent in that model, Kleisli and Künzi [12]
wanted to determine whether some category of complete and cocomplete TTCS might be
used for similar purposes instead.
However the example exhibited in the present paper seems to block their original
approach to that problem. In the meantime Barr and Kleisli [4] have shown how
the so-called Chu-construction can both motivate and simplify the rather complicated
construction of R. To some extent these results also clarify the connections between the
different methods suggested by the various authors.
Our example also contributes to the discussion of the subtle difference that holds
between the concepts of k-continuity and continuity in topological algebraic structures.
Some pertinent results about (uniform) continuity of (uniformly) sequentially continuous,
k-continuous and bounded linear maps can be found in [1,7,8,14,15,19] and [11, Ch. 5,
Theorem 19.9].
For set-theoretic concepts used in our construction we refer the reader to [9]; basic facts
about uniformities are explained in [10].
The closed unit ball of the complex numbers will be denoted by OC.
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2. The example
Let λ be a measurable cardinal equipped with its order topology and let U be a
nonprincipal λ-complete normal ultrafilter over λ [9, Lemma 28.11]. Recall that each
closed unbounded subset of λ belongs to U [9, (28.25)].
Let S = {α < λ: cofα = ω}. Then S is stationary [9, Example 7.5]. We partition S into
two stationary sets S1 and S2 [9, p. 433, Theorem 85].
As the underlying Banach ball of the space X we choose (OC)λ with its pointwise
algebraic product structure and the norm ‖f ‖∞ = supα<λ |f (α)|. The topology τ on X is
determined by the collection of all semi-norms
ψJ (f )= sup
α∈J
∣∣f (α)∣∣,
where we choose those subsets J of λ such that the set J ′ of accumulation points of J is
contained in S1. Since in particular all singletons of λ satisfy the latter condition, a standard
technique shows that the uniformity generated by the chosen family of semi-norms on X
is complete and that τ is a Hausdorff topology. Moreover clearly ‖ · ‖∞ is equal to the
supremum taken over all generating semi-norms on X. Hence X is a complete Banach ball
in the sense of Kleisli [13].
We shall need the following lemma:
Lemma. Let K ⊆X be compact. Then cardK < λ.
Proof. Suppose the contrary and let {fα : α < λ} ⊆ K be such that fα 6= fβ whenever
α,β ∈ λ with β 6= α. Fix α < λ. For each β such that α < β < λ there are rαβ , sαβ ∈OC
and γαβ ∈ λ such that fα(γαβ)= rαβ 6= sαβ = fβ(γαβ).
Recall that 2ℵ0 < λ. So by using λ-completeness of U and some basic properties of
ultrafilters it follows that there are rα, sα ∈OC and Tα ∈ U such that Tα ⊆ λ \ (α + 1) and
either
Case A: for all β ∈ Tα, (1) fα(γαβ)= rα; (2) fβ(γαβ)= sα; and (3) γαβ > β; or
Case B: for all β ∈ Tα, (1) fα(γαβ)= rα; (2) fβ(γαβ)= sα; and (3) γαβ = γα for some
fixed γα ∈ λ.
(In Case B, to obtain (3), use [9, Lemma 28.10].)
Let∆Tα be the diagonal intersection of {Tα: α < λ}. Then∆Tα ∈ U, since U is normal.
Similarly as above, we see that there are r, s ∈OC and N ∈ U such that N ⊆∆Tα and one
of the following three conditions is satisfied:
Case 1: for all α ∈N, (1) rα = r; (2) sα = s; (3) γα is not defined.
Case 2: for all α ∈N, (1) rα = r; (2) sα = s; (3) γα > α.
Case 3: for all α ∈N, (1) rα = r; (2) sα = s; (3) γα = γ for some fixed γ ∈ λ.
(Indeed, in Case 1, Case A applies to all elements α ofN, while in Cases 2 and 3, Case B
applies to all α of N.)
For δ ∈ λ set f (δ)= sup{γαβ : α < β 6 δ}. By [9, Exercise 7.9] C = {α ∈ λ: f [α] ⊆ α}
is closed unbounded in λ. Note that N is stationary in λ and that (N ∩ C)′ is closed
unbounded in λ. Choose η ∈ (N ∩ C)′ ∩ S1. Because cofη = ω, there is δn ↑ η such that
40 H.-P.A. Künzi, S. Watson / Topology and its Applications 108 (2000) 37–42
δn ∈ N ∩ C whenever n ∈ ω. Let n,m ∈ ω such that n < m. Then δm ∈ N ⊆ ∆Tα and
δn < δm. Thus we have δm ∈ Tδn. Also δn < δm implies that γδnδm < δm+1, since δm+1 ∈C
and δm < δm+1.
Set J = {γδnδm : n, m ∈ ω,n <m}. Observe that J ⊆ η.
We next show that J ′ ⊆ S1 in any of the three cases.
Case 1: By Case A, for any n,m ∈ ω such that n < m, we have γδnδm > δm, because
δm ∈ Tδn, as noted above. Then, since δn ↑ η, it follows that J ′ = {η} ⊆ S1.
Case 2: We have J = {γδn : n ∈ ω}, since, by Case B, γδnδm = γδn for any n,m ∈ ω with
n <m. Furthermore γδn > δn for each n ∈ ω. Since δn ↑ η, it follows that J ′ = {η} ⊆ S1.
Case 3: Note that γ = γδn = γδnδm whenever n,m ∈ ω such that n < m. Thus J = {γ }.
Then J ′ = ∅ ⊆ S1.









= 12 |rδn − sδn | = 12 |r − s|> 0.
We conclude that (fδn )n∈ω does not have a cluster point in X. HenceK cannot be compact
in X—a contradiction. Thus cardK < λ for any compact subset K of X. 2
Proposition. The κ-modification Xκ of X is not complete.
Proof. Consider λ with its usual order as a directed set and let (fα)α<λ be the net in X
defined as follows: For each α < λ let fα be the characteristic function χλ\α of λ \ α. We
now show that (fα)α<λ is Cauchy with respect to any k-continuous semi-norm on X.
To this end suppose the contrary and let ‖ · ‖k be a k-continuous semi-norm on X such
that (fα)α<λ is not Cauchy with respect to ‖ · ‖k.
Then there are ε > 0 and b :λ→ λ such that for each α < λ,





= ∥∥ 12χb(α)\α∥∥k > ε.
By [9, Exercise 7.9] the set C of all α < λ such that b[α] ⊆ α is closed unbounded in λ.
Because C′ is also closed unbounded in λ, there is η ∈ C′ ∩ S2. Since cofη = ω, for each
n ∈ ω, we can choose αn ∈ C such that αn ↑ η.
Consider an arbitrary J ⊆ λ such that J ′ ⊆ S1. If [αn,η[∩J 6= ∅ whenever n ∈ ω,
then η ∈ J ′ ⊆ S1—contradicting η /∈ S1. Thus there is m ∈ ω such that [αm,η[∩J = ∅.
It follows that for each n ∈ ω such that n > m we have (b(αn) \ αn) ∩ J = ∅, since
b(αn) < αn+1 because αn+1 ∈C.
We deduce that 12fb(αn) − 12fαn converges to 0 in X. Therefore { 12fb(αn) − 12fαn : n ∈
ω} ∪ {0} is compact in X. Hence ‖ 12fb(αn) − 12fαn‖k → 0 by k-continuity of ‖ · ‖k—
a contradiction. We conclude that (fα)α<λ is Cauchy in Xκ.
Note that the net (fα)α<λ converges to the zero-function 0 in X, because (fα)α<λ
converges pointwise to 0 and it is Cauchy in X, as the proof just given establishes. Since
τ is a Hausdorff topology and the topology of Xκ is finer than τ, it suffices to define a k-
continuous semi-norm ‖ · ‖b on X such that (fα)α<λ does not converges to 0 with respect
to this semi-norm, in order to show that Xκ is not complete.
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Define the semi-norm ‖ · ‖b on X by setting ‖f ‖b = |r| if there exists U ∈ U such that
f (U)= {r}.
Since U is a λ-complete ultrafilter and since 2ℵ0 < λ, it follows that ‖·‖b is well-defined.
It is straightforward to check that ‖ · ‖b is a semi-norm on X. Clearly ‖fα‖b = 1
whenever α < λ; thus (fα)α<λ does not converge to the zero-function with respect to
‖ · ‖b. We finally verify that ‖ · ‖b is k-continuous on X.
Let K be compact in X and suppose that (fδ)δ∈D → f in K where each fδ and f
belong to K. Assume that there exists ε > 0 such that for each δ ∈ D there is δ′(δ) ∈ D
with δ′(δ) > δ and ‖ 12fδ′(δ) − 12f ‖b > ε. For each element g in K that is of the form
fδ′(δ) choose Ug ∈ U such that ( 12g − 12f )(Ug) = {rg} where ‖ 12g − 12f ‖b = |rg |. Since,
by the lemma, cardK < λ and the ultrafilter U is λ-complete, there exists β ∈⋂g Ug.
Then for any δ ∈D, | 12fδ′(δ)(β)− 12f (β)|> ε, contradicting fδ→ f in X. Consequently
‖ 12fδ − 12f ‖b→ 0 and thus ‖fδ‖b→‖f ‖b. We conclude that ‖ · ‖b is k-continuous.
It follows that Xκ is not complete. 2
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